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The three-dimensional modal linear stability analysis is performed for the near-wall flow of a full-scale generic
hypersonic vehicle forebody at flight Mach numbers 4, 6, and 8, at different angles of attack. The mean flow is
computed with a Navier-Stokes commercial code. A physically sound, computationally efficient original method is
proposed to define the integration path in the ¢V method. It has a significant impact on the computed N factors. The
entropy-layer effect on the flow instability is analyzed in the framework of Lees and Lin’s asymptotic theory. The
entropy layer introduces an additional unstable mode, for which N & 4. Results show that crossflow instability is
dominant at Mach 6 and 8, whereas Mack’s oblique first mode prevails at Mach 4. This mode is stabilized by a
radiating wall, compared with an adiabatic one. Mack’s second mode is also present at Mach 8. In any case, none of
the instability modes that have been found is strong enough to provoke a natural transition in flight by itself:
computed N factors do not exceed 10. Attempts to correlate the results with the Re,/M°¢ = Const criterion are

discussed.

Nomenclature

= speed of sound, m/s

heat capacity at constant pressure, J/kg - K

heat capacity at constant volume, J/kg - K
frequency, Hz

enthalpy per unit mass, J/kg

thermal conductivity, W/m - K

wave vector (real), 1/m

pressure, Pa

C, — C,, gas constant, J/kg - K

temperature, K

time, s

mean-flow components along x, y, and z, m/s
group velocity vector, m/s

phase velocity, m/s

molecular weight of species ¢, kg/kmol
coordinates in the global reference frame attached to
the vehicle, m

streamwise, transverse (normal to the wall), and
spanwise coordinates, m

mole fraction of species o

wave numbers (complex) in the x and z directions,
1/m

= displacement thickness, m

momentum thickness, m

direction of V,

viscosity, kg/m - s

= u/p, diffusivity, m?/s
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0 = density, kg/m?

o = amplification vector (real), 1 /m

X = compressibility factor

) = direction of k

v = direction of o

w = (real) pulsation, 1/s

Subscripts

M = maximum value (envelope method)
u = unity

w = value at the wall

00 = value at infinity, static value
Superscripts

e = value in the freestream, outside the boundary layer
N = exponent in the ¢V method

1. Introduction

HE recent regain of interest for hypersonic airbreathing

scramjet-powered vehicles has led us to consider the laminar-
turbulent transition prediction from an engineering point of view,
that is, on full-scale 3-D realistic configurations. Indeed, for the air
inlet to be well adapted, it is highly desirable for the boundary layer
(BL) developing under the forebody to be turbulent in order to avoid
flow separation due to strong adverse pressure gradients. One way to
fix the problem is to trigger the transition with distributed
roughnesses of various shapes and heights on the forebody. This
implies running experiments in a conventional or quiet hypersonic
wind tunnel to see what is the most efficient [1,2], although this is
very costly. Another way is to try to predict the onset (or not) of the
natural transition from empirical criterion, like the National
Aerospace Plane (NASP) criterion, is Rey/M*¢ = Const (150 ~ 500,
with or without bluntness correction [3]), but this is only a first step,
giving a global trend, and highly questionable [4,5].

More accurate methods are based on the knowledge of the
mechanisms involved in the transition process. Understanding these
mechanisms is still a challenging task in supersonic and hypersonic
flows, after more than half a century of intensive research. Since the
funding paper by Lees and Lin [6], and further developments by
Mack [7.8], Malik [9], and others, numerous experimental and
numerical parametric studies on transition in hypersonic flows have
been done for flat plates or cones. The effects of Mach and Reynolds
numbers, leading-edge bluntness, and angle of attack (AOA), have
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Fig. 1 Paths to turbulence in wall layers.

been investigated. A recent review has been done by Schneider [10]
(seealso [11]). Figure 1, taken from Reshotko [12], illustrates several
paths to turbulence for wall-bounded flows, according to the level of
external disturbances. In any case, disturbances have to first enter the
wall layer through receptivity mechanisms, which can be
investigated through direct numerical simulation [13]. In the case
of low amplitude perturbations, path A is the familiar modal growth
of Tollmien—Schlichting (TS)-like waves, the first of which have
been studied by pioneering authors. At higher perturbation level,
transient or nonmodal (algebraic) growth begins to play arole. It may
either be followed by an exponential decay and then by a modal
amplification (path B), or directly trigger transition (path C).
Roughness-induced transition is relevant to path C. The set of
parameters giving maximum transient growth factors is called
optimal disturbances. The theory of transient growth and associated
optimal disturbances has been intensively studied in the past (e.g.,
[14]) and more recently extended to compressible boundary layers by
Tumin and Reshotko [15-17].

At the moment, the only method of industrial application, taking
into account theoretically (although incompletely) the destabilizing
mechanisms, is the modal linear stability theory (LST) [18], path A.
Local or nonlocal [i.e., parabolized stability equations] theories may
be applied. They both rely on the ¢ method and are of comparable
efficiency in predicting the point of transition; their difference for a
given N may be of the same order of magnitude of the uncertainty on
the value of N itself at the transition location. The real interest of
nonlocal theories is to open the way for non linear theories that allow
a deeper understanding of the transition processes. The strategy (i.e.,
the integration path) to compute the N factors is still not clearly
defined, and this question will be addressed in the present study.
However, N & 10 is a currently accepted value for the transition to
occur in flight conditions. In wind tunnels, this value may be
decreased dramatically [19].

The LST applies to mean-flow profiles and is very sensitive to their
accurate description. In cases of flat plates or sharp cones at zero
AOA, self-similar mean-flow profiles are available through the
Levy-Lees and Mangler transformations. In case of a real-shape
forebody, no such quasi-analytical solutions exist, and one has to use
a CFD code to calculate the 3-D mean flow. Because strong shock
waves are present in hypersonic flight conditions, robust solvers are
needed. Until quite recently, wall-bounded flows were obtained by
Euler/BL weak or strong coupling, but 3-D effects and flow
separation were difficult to handle. Navier—Stokes solutions have
already been obtained for stability calculations in the case of a small-
scale (L ~ 0.25 m), axisymmetric model at ONERA (France) [20],
allowing for very-well-resolved BL profiles (first cell =5 pum). A
previous study [21] has shown the feasibility of such calculations on
a full-scale forebody with the FLUENT® industrial software. It was
found very difficult, from a technical point of view, to properly
extract the profiles from unstructured data. The impact of the
numerical treatment of relatively low-resolution BL profiles (e.g.,
interpolation, derivation) on the subsequent stability calculations
[performed with a code developed at Institut de Combustion,
Aerothermique, Réactivité et Environnement (ICARE)] has been

carefully examined and will be reported here. Nevertheless, two
specific points are still to be addressed:

1) In the case of 2-D or axisymmetric geometries, the direction in
which unstable waves are amplified is aligned with the mean flow.
Hence, both the amplification direction and the integration path for
the computation of N factors are clearly defined. This is no longer the
case for a 3-D flow. How should these parameters be specified
physically? Are the computed N values very dependent on these
choices?

2) The blunt leading edge of the vehicle induces a bow shock and
consequently an entropy layer (EL) that merges downstream with the
BL. How does the EL modify the BL stability properties? More
precisely, which part of the near-wall flow profiles should be retained
for the stability analysis?

The present paper reports LST predictions on a full-scale forebody
at a hypersonic flight Mach number for applied, industrial, transition
prediction. Section II details the mean-flow calculation, with
emphasis on the numerics, thermodynamic, and transport models.
The topology of the flow is analyzed in reference to stability issues.
Section Il is devoted to the stability analysis theoretical framework.
Previous studies on similar flow topologies are first reviewed in
relation with the present configuration. The LST is briefly recalled,
and items 1 and 2 are discussed. The sensitivity of the method to the
grid resolution and to the thermodynamic and transport models will
be discussed in Sec. IV. Finally, Sec. V gathers the stability results
for the entire flow under the forebody and corresponding N factors
for flight Mach numbers 4, 6, and 8. Comparison with the classical
Rey/M¢ correlation is done for completeness, and indications for
future work are given as a conclusion.

II. Mean Flow
A. Flight Conditions and Thermodynamic and Transport Models

The considered hypersonic vehicle is supposed to fly from Mach 4
to Mach 8 at altitudes of 20 to 30 km. Static conditions in flight (taken
from the 1976 U.S. Standard Atmosphere), freestream Mach number
(outside BL 4+ EL, AOA =4 deg), and adiabatic wall conditions
are gathered in Table 1.

In all calculations presented hereafter, air is a mixture of N,, O,,
argon, and CO,, as defined in Alexander Burcat and Ruscic’s
thermodynamics database [22]. It differs slightly from the U.S.
Standard Atmosphere as reported in Table 2. Using Burcat and
Ruscic’s composition [22], the molar mass of air is

Isobaric heat capacities of single components are given as
coefficients of fourth-order polynomial fits for two ranges of
temperature, 200-1000 K and 1000-6000 K. Because, at high
altitude, static temperatures are in the low-range limit, only the high-
temperature range is retained from Burcat and Ruscic [22]. At low
temperatures, data from Lemmon et al. [23], which are accurate from
80 to 2000 K, are used instead for N, and O, (Lemmon et al. do not

Table 1 Flight conditions

M,  Altitude, km Py ,Pa T..K Me T,.K

4 20 5475 2166  3.4-3.6 800-900
6 25 2512 2216 4250  1500-1650
8 30 1172 2255  52-6.1  2500-2700

Table 2 Air composition, mole fractions

Component Burcat and Ruscic[22] U.S. Standard Weight
Atmosphere (kg/kmol)
N, 0.780 840 0.780 840 28.013 48
0, 0.209 476 0.209 476 31.998 80
Ar 0.009 365 0.009 340 39.948 00
CO, 0.000 319 0.000 314 44.009 80
Total 1.000 000 0.999 970 —_—
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provide any value for CO,). The two curves are matched numerically
at 1000 K. Then the heat capacity of the air is computed from single
components’ properties as a mole-weighted average for each
temperature range. The resulting global fit is given in the Appendix
(see Table Al and Fig. Al).

The viscosity w(T) of air is calculated with Wilke’s mixing
formula [24]

S Xt (T (W Wb
Y Kby A+ W,/ Wy)

N,

n=

¢

in which single component values . (7) are obtained from the
CHEMKIN II [25] transport model based on the kinetic theory. The
same method is applied for the thermal conductivity k(T) of air,
changing 14, (T) to k,(T). Polynomial fits are applied to Eq. (1), of
the fifth and third orders for . and k, respectively (see Table A2 in the
Appendix), accurate in the range 100-5000 K. The thermodynamic
and transport models have been validated [21] on the classic M¢ =
10 adiabatic flat plate of Malik and Anderson [26] (see Sec. LV).

B. Grid Requirements and Calculation Setup

The forebody is about 1.3 m long, with a cross section at the air
inlet of about 0.5 x 0.2 m. It has a blunt nose of radius 5 mm. Upper
and lower faces are plane, with angles +5 deg and —4 deg,
respectively, with respect to the vehicle’s X axis (see Fig. 5 for the
definition of the vehicle reference frame). Figure 2 shows the
computational mesh of the forebody lying on its back or upside down
to make the area of interest visible. For meshing conveniences, a
vertical cutting plane separates the nose region from the body region
0.04 m downstream from the nose tip. In the nose region, the mesh is
hexahedral and unstructured (Fig. 3), and in the body region of
interest for the LST calculations, the mesh is fully structured.

The grid convergence of the mean flow has been investigated by
building different meshes, for which the parameters are gathered in
Table 3. Meshes 1 to 4 are designed for M, = 6 and 8, and mesh 5
for M, = 4. In the latter case, the size of the computational domain
has been increased to avoid numerical reflection of the shock wave
on the external boundary. For each mesh, the height of the first cell is
about 0.05 mm all along the body, which is enough to capture
properly both the shock, as it can be seen in Fig. 4, and the BL. The
sensitivity of mean-flow profiles and of the related eigenvalue on the
grid resolution will be addressed in Sec. IV.

Calculations have been performed using the second-order upwind
implicit density-based solver available in FLUENT 6.3.26, with
Roe’s flux. The CFL number is increased progressively from 0.1 to
1.5. The wall is considered as either adiabatic, or radiating with
emissivity of o = 0.8 in thermal equilibrium with the flow, which is
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Fig. 2 Overview of the computational mesh.
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Fig. 3 Detail of the unstructured mesh of the nose region.

the most representative of flight conditions. Far-field nonreflecting
characteristic-based boundary conditions are imposed. This
boundary condition is not very accurate in the exit section, between
the wall and the sonic line in the BL, but it affects only the last two
rows of cells. Convergence is obtained after 15,000 iterations, taking
about 50 h of CPU time on 4 Intel bi-Xeon 3.2 GHz (8 processors) for
mesh 4. Convergence criteria are based on numerical residuals, on
mass balance, and on wall temperature and skin friction in the plane
of symmetry of the vehicle. All the results presented hereafter have
been obtained with mesh 4 for M, = 6 and 8, and with mesh 5 for
M, =4.

C. Topology of the Flow

We consider here a flight at Mach 6 at an AOA of 4 deg, as an
illustration. The contour of the Mach number is displayed in Fig. 5.
The distance from the shock to the nose is about 2 mm. This implies
very high thermal loads on the tip of the vehicle. Moreover, because
the shock wave is closer to the lateral than to the upper or lower faces,
a pressure gradient drives the near-wall flow from the edge toward
the centerline of the vehicle. Figure 6 shows the streamlines
computed from the first row of cells above the wall; they converge
toward the plane of symmetry, and the near-wall flow rolls up into a
pair of counter-rotating longitudinal vortices on both sides of the
symmetry plane, as shown in Fig. 7. Two additional smaller vortices
are also present very near the wall on the centerline, but not visible on
the figure. Only mesh 4 is fine enough to capture properly these
vortical structures. These vortices may be considered as a 3-D
laminar separation. This region will be excluded from the stability
analysis because the parallel flow assumption does not apply here.

The bluntness of the nose induces a bow shock and then an EL
which is mostly visible as a loss in total pressure (Fig. 8). The EL
combines with the longitudinal vortices near the plane of symmetry
to produce velocity profiles of complicated shapes. Figures 9 and 10
show the streamwise and spanwise velocity profiles, respectively, at
X = 0.6 m. The influence of the vortices is clearly visible at the first
two locations (Y = 0.01 m, Y = 0.013 m); close to the vertical plane
of symmetry, low-momentum flow coming from the near-wall
region is pulled up (see Fig. 7, mushroomlike shape) and induces the

Table 3 Numbers of cells in the zone of interest (ZI) for different
meshes

Mesh 1 Mesh 2 Mesh 3 Mesh 4 Mesh 5

71: X 56 90 90 90 95
7L Y 32 32 40 60 72
71: 7 71 101 101 101 141
ZI: total 127,232 290,880 363,600 545,400 964,440
Total 9.0x10° 1.7x10° 20x10° 2.0x10® 3.3x10°
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Fig. 4 Resolution of the shock in the plane of symmetry (M., =6,
mesh 4).

side view
upside down

top view

Fig. 5 Contour of Mach number (M, = 6, AOA =4deg).

Fig. 6 Streamlines under the forebody (M, = 6, AOA = 4deg); axis
units are meters.
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Fig. 7 Contour map of streamwise velocity (m/s) at X =0.5 m;
streamlines illustrate the longitudinal vortices.
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Fig. 8 Contour of total pressure (bars), side view, partial, and upside
down, showing the EL in dark.

nonmonotonicity of the velocity profiles. From ¥ = 0.017 m to
Y = 0.05 m, profiles exhibit a structure characteristic of a mixed
boundary—entropy layer. At Y = 0.07 m, the EL almost disappears
and a standard boundary-layer profile is recovered. In Sec. IIL.D, item
2, the influence of the EL on the stability results, will be discussed.

III. Stability Analysis

A. Modes: Terminology

In hypersonic flows, normal modes are classified as Mack’s first
and second (or higher) modes, crossflow (CF) instability, and
entropy-layer instability. In fact, it has been shown by Fedorov and
Khokhlov [27], Fedorov and Tumin [28], and Forgoston and Tumin
[29] that second-mode instability is due to synchronization of the first
and second mode, which consequently may be considered as a single
mode: “...their frequency and phase speed coincide at some points”
([27] p. 361). Anyway, we will keep here the terminology “first” and
“second” modes, which are well ingrained and understood in the
field. The first mode is a 3-D mode for which the direction of
propagation is oblique with respect to the mean-flow direction,
whereas the second mode, which occurs for M¢ > 5, is a 2-D mode.
Crossflow modes are associated with the inflexional transverse (here
spanwise) velocity component W (see Figs. 10 and 11). They are
almost perpendicular to the mean-flow direction, and may possibly
have a zero phase speed (stationary waves, f = 0 Hz). Nevertheless,
their group velocity does not vanish, hence, they are convectively
unstable.
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B. Known Similar Configurations
1. Existing Scramjet Forebodies

Schneider [10] reports a limited number of studies on the stability
of the flow under generic scramjet forebodies of the Hyper-X
program, including the Hyper2000 and the X-43 A. These forebodies
are mainly bidimensional and possess two compression corners
(three compression ramps) ahead of the air inlet. Some instability

CF modes

Mack's

modes
x, U

L W

Fig. 11 Sketch of a 3-D mean flow and associated unstable modes.

mechanisms were put into light by these studies, including 1) first
and/or second modes ahead of the first compression corner,
2) Kelvin—Helmbholtz instabilities in the separated flow at the corners,
3) crossflow instability after the reattachment, on the second
compression ramp, and 4) Gortler centrifugal instability near the
corners.

Some possible interactions between vortices emanating from the
nose tip and CF or Gortler instabilities were also highlighted [30].
These geometries noticeably differ from the present forebody. In
particular, as it can be seen in Fig. 6, the forebody is three-
dimensional with a flat surface and no compression corner.
Therefore, Kelvin—Helmholtz and Gortler instabilities play no role in
the transition mechanisms. On the other hand, we can expect first or
second modes and CF waves.

2. Sharp Cones at Angle Of Attack

Numerical and experimental studies have been conducted at
ONERA [31] on a 7 deg, 20 cm long, sharp cone at incidence 2 deg,
Mach 7. Transition, detected using infrared imaging, varies from
x/L =0.40 on the leeward ray, x/L = 0.61 on the equator, and
x/L =0.76 on the windward ray. Calculations show that the
transition is due to a combination of Mack’s oblique first mode and
crossflow instability, the former being predominant in the vertical
plane of symmetry and the latter in the equatorial region. Schneider
(Fig. 36 of [10]) reports similar observations on sharp circular cones
at AOA: transition occurs earlier on the leeward ray, where the
boundary layer is thicker.

3. Sharp Elliptic Cones at 0 Degree Angle of Attack

The present forebody has a common feature with the 0 deg AOA
elliptical cone of Kimmel et al. (numerical [32], experimental [33])
for which the shock wave is closer to the major axis than to the minor
axis. Hence, a pressure gradient causes crossflow from the
attachment line located along the major axis, toward the vertical
plane of symmetry (Fig. 6 of [32]). This accumulation leads to a
thickening of the boundary layer and to a possible separation.
Experiments show that transition occurs first on the minor axis line
and then on rest of the surface. The LST for M, =7.95 and
Re, = 3.3 x 10°/m confirms CF-dominated instability on the whole
cone surface except near the symmetry planes where the flow is
bidimensional. Early transition on the minor axis is due to
inflexional, decelerated, boundary-layer velocity profiles generated
by low-momentum fluid flow from the major axis.

4.  Bluntness and Entropy Layer

Contrary to the preceding case, the present forebody has a blunt
nose tip. It is well known [34] that the nose bluntness has an impact
on the transition location; increasing the bluntness of an initially
sharp cone first moves the transition downstream, then upstream with
further increase. This reversal movement may be due to instabilities
in the EL. Several mechanisms through which EL instabilities can
actually promote transition have been proposed for blunted plates
[35] or cones [36]. All these scenarios assume that the EL instabilities
are too weak to trigger the transition by themselves. Nevertheless,
Dietz and Hein [37] identified two types of EL instability: the first
corresponds to weakly amplified waves with large propagation
angles and the second is two-dimensional, linked to the maximum of
paU/ pdy, with an amplification rate 1 order of magnitude higher
than the former. The latter matches some experimental observations
obtained by Brinich [38]. The bluntness effect on cones at AOA is
reviewed by Schneider [10]. As for sharp cones, transition occurs
earlier on the leeward ray than on the windward ray, except for the
largest nose radius (Fig. 37 of [10]). Schneider explains this
exception, indicating that some nosetip-roughness-related mecha-
nisms are more likely to occur for larger nose radii.
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C. Stability Theory and the ¢V Method: Item 1

The LST is well known. Equations are recalled here to introduce
notations, mainly those related specifically to item 1, mentioned in
the introduction.

First, a coordinate system attached to the wall (and not to the
streamlines at the outer edge of the BL) is defined. Because the wall is
aplane, this coordinate system is the same for the whole surface: x is
lying along the wall in the {X, Z} plane, y is the distance to the wall,
and z = —Y is the transverse direction. Corresponding unit vectors
are x, y, and z.

In the 3-D compressible Navier—Stokes equations, the mean-flow
variables {p, U,V, W, P, T} are perturbed by normal modes of the
form

q'(x,y,z,t) = q(y) expli(ox + Bz — wt)] )

The parameters o, 8, and w can either be real or complex, according
to the nature of instabilities. Here, instabilities are convective, so the
spatial approach is adopted. Wave numbers « = «, + i¢; and =
B, + iB; are complex, and the pulsation w = 27 f is real. Hence,
perturbations become

q'(x,y,2,1) = 4(y) exp(—a;x — B;z) expli(er,x + B,z — w)] (3)

Fluid properties {C,,, C,, u, k} are also perturbed as, for example

C,= dc, T
r dr
The stability solver developed at ICARE uses the fully variable
thermodynamic and transport models previously described in
Sec. ILA.

A 3-D perturbation of given frequency f is characterized by the
wave vector k = «,x + 8,z and propagates in the direction

(B
=tan"!| = 4
Y =tan Qr )
with the phase velocity
1) 1)
V == 5)
Yokl 2 B

Its amplitude

A(x.z) = |q(y)| exp(—a;x — B;2) (6)
is growing (or decreasing) with the rates
0A
l — = —q; in the x direction @)
A 0x
0A
oA = —f; in the zdirection 8)
A 0z
which define an amplification vector 0 = —;x — 8;z and a growth
direction
- Bi
=tan~' = 9
¥ = tan (ai ®

Perturbed equations are linearized (quadratic perturbation terms are
neglected) and the mean flow is assumed to be parallel V = 0. This is
the local LST framework. The resulting set of differential equations
for the amplitude of perturbations (normal mode equations for the
eigenfunctions of the fluctuations) is given by Mack [8]. These
equations are integrated from the outer edge of the BL, where mean-
flow gradients are negligible, down to the wall, using a fourth-order
Runge—Kutta scheme and a Gram-Schmidt orthonormalization
procedure. From known vanishing boundary conditions in the
freestream, the eigenvalues {«, B, } of the problem are to be found
using a shooting/Newton—Raphson procedure in order to satisfy the
wall boundary condition 0(y = 0) = 0. The other wall boundary

conditions are imposed (i(0) = w(0) = 7(0) = 0), and the pressure
fluctuation may be chosen arbitrarily (p(0) = 1). At convergence,
the eigenvalues are related through the (numerically obtained)
dispersion relation:

D(x,B,w)=0 (10)

However, a problem remains in the fact that Eq. (10) is not a closed
relation in the spatial theory, and the value of f; is undetermined and
must be somewhat fixed or computed. The problem may be reported
on the growth direction . Several approaches have been proposed
[19]. In 2-D flows, it is assumed that the amplification is aligned with
the mean flow (8; = ¢ = 0). In 3-D flows, there are classically three
options:

1) Use an additional relation to compute f8; [39,40].

2) Impose, as in 2-D flows, the value of §; (e.g., B; = 0). This
approach has been proposed by Mack [41] for swept wings.

3) Assume the direction of amplification 1. There are two usual
choices:

a) ¥ = 0,, where 0, is the local direction of the real group
velocity. This option is physically justified by the fact that, in a
conservative media, the energy of a wave packet travels with its
group velocity.

b) ¢ = arctan(W¢/U*®), which avoids the calculation of the
group velocity and may be justified by the observation that 6, is
approximately the local direction of the flow outside of the BL
[19]. The outer edge of the BL + EL is fixed just below the shock.
Solution 1 is difficult to apply in the present industrial context, and

solution 2 is only relevant to the case of swept wings, in a reference
frame attached to the leading edge. Solutions 3a and 3b will be tested
and compared with solution 2 in Sec. IILE. Solution 3a needs the
calculation of the real group velocity, or at least its direction.
Although we noticed that Eq. (10) does not depend much on ¥ or f8;,
especially when ¥ < 20deg which is the case in all calculations
presented in Sec. V, the determination of the group velocity is,
however, important to define the integration path for the computation
of N factors. In the general case, the group velocity is a complex
vector

Bw ow
Vg x + % V4 (1 1)
for which the real part
8 8a)
MV, = 3 ﬁ (12)

is evaluated, most of the time, in the temporal approach because, in
that case, o and B are real and fixed and the calculation is
straightforward (by approximating differentials by small differ-
ences). The direction 6, of R{V, } is apparent and the spatial stability
calculation is further performed to get o; using B; = a; tan 6,. That
means two successive stability calculations.

An original alternative method is now proposed to compute
directly 6, (but not i{V,}) in the spatial approach where v = w,,
avoiding thus the additional temporal calculation. The direction 6, of
R{V,} is defined by

w0 aguay =), O
The relation of dispersion in Eq. (10) can be written as
a=o, + ia; = Dg(B,, B;, v) (14)
or alternatively
a=a, +io; =Dy, V. ) (15)

Depending on whether the form in Eq. (14) or Eq. (15) is used, do,
can be expressed by
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do oo oo
da, = d dg, + 4 ds; + r do (16
(aﬁr),s,,w p (aﬁi)ﬁ,,w p (aw)ﬁ,.ﬂ, {10

Jdo - da
do, = A 2% d . d 17

From Eqs. (4) and (9), dy and d V car be calculated analytically, for
example

or

B,
a’+ p?

dl// IBr_ dary (18)

a—i—ﬂz

and substituted into Eq. (17). Identifying the results with Eq. (16), an
expression comes out for
(5)

B.) o

to be used in Eq. (13)
Gyoz
0, = —tan™! (#) (19)
1+ (av/)ww o?+p?

The method has been validated on the 2-D Korteweg—de Vries
equation and applied to get the results of the present study. In this
method, the variations in ¥ needed to estimate numerically de,./ v
in Eq (19) is part of the envelope method discussed in the next section
and does not introduce any additional computational effort.

D. Effect of the Entropy Layer: Item 2
1. Wall Thermal Conditions and Generalized Inflexion Points

Let’s take the example of a typical flight at M, = 6 (see Table 1),
AOA = 4 deg, with either an adiabatic (hot) or radiating (cold) wall.
Let’s consider the location { x = 0.6 m, z = 0.017 m } close to the
plane of symmetry. The longitudinal component U (y) of the velocity
profile has, in both cases, an inflexion point due to the entropy layer
(Figs. 9 and 12). In fact, more relevant to the LST in compressible
flows is the existence of a generalized inflexion point (GIP) at the

altitude y, where
2(29)
Iy \"ay /,,

The 2-D inviscid temporal theory of Lees and Lin [6] says that if such
a GIP exists, a necessary and sufficient condition for the existence of

=0 (20)
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Fig. 13 Same conditions as Fig. 12 for generalized inflexion points.

a neutral wave is

U(ys) >1— 1 (21)

Ue M

and the phase velocity of this neutral wave is V,, = U(y,). The
condition in Eq. (21) is moreover sufficient for the existence of an
unstable wave. The quantity pdU/dy is plotted in Fig. 13 for the
profiles of Fig. 12. The total number of GIPs is 2 (respectively 3) in
the radiating (respectively adiabatic) case. At the location
considered, the freestream Mach number is M¢ =4.92 and the
altitude y, where

U(yo) 1
—1——=07 22
i ~=0.796 (22)

is 1.79 mm (respectively 2.37 mm) in the radiating (respectively
adiabatic) case. Hence, the condition in Eq. (21) is satisfied by two
GIPs for both the cold and hot walls, located at y, = 3.15 and
7.13 mm (R1, R2, radiating), and y, = 5.43 and 9.01 mm (A1, A2,
adiabatic). If the stability analysis is performed for truncated base-
flow profiles, for example cut at the edge y. (not always clearly
defined) of the boundary layer as shown in Fig. 12, results may be

0.02

0.01

(051 5*

o

-0.01

'0'08 { NN N
.03 0.04 0.05 0.06 *0.07 0.08 0.09 0.1

0,0
Fig. 14 Stability spectrum for profiles of Fig. 12, BL only (y. cut) with
the adiabatic wall (f = 10 kHz, y = 0deg, §* = 1.26 mm).



58 FERRIER ET AL.

0.15

0.1

0.05

o8

o
T

.

0.0% 0.25 0.3

008 03

Fig. 16 Same as Fig. 14 for the radiating wall (6* = 1.09 mm).

incomplete. Notice that the choice of the altitude retained influences
directly U¢ and M* and also the computed displacement thickness §*.
A fast way to identify regions in the {c,, ;} plane where solutions
may be found is to plot the values of 9(y = 0) obtained for a given
{w, ¥, ¥} after a single Runge—Kutta integration procedure. This is
done on Figs. 14—17 for the BL only and entire profiles (BL + EL)in
each case, for f=10kHz and ¥ =1 =0deg. Isolevels are
distributed exponentially, so that low levels cluster in dark regions on
the maps around the numerical solutions of the dispersion relation in
Eq. (10) of the flow. Mode 1 is nonphysical (V,, > U¢). Mode 2 is
either a Mack’s oblique first mode (linked to the streamwise velocity
profile instability) or a crossflow (spanwise) instability, depending
on the wall thermal condition and location on the forebody. Here, itis
almost stable for 1 = 0 deg, but very unstable for { ~ 85 deg. This
mode plays the major role in the transition process away from the
plane of symmetry and will be intensively studied in Sec. V. At a
higher Mach number (M,, = 8), an additional acoustic Mack’s
second mode is also present, because M¢ > 5 (Table 1).

The obvious features on Figs. 15 and 17 are the large number of
stable solutions that did not exist on Figs. 14 and 16, plus an
additional unstable solution, called mode 3. The cloud of stable
solutions should relate to Mack’s discrete spectrum. Indeed, the
number of modes is increased when the EL is taken into account, and
mode 2 degenerates keeping v = Odeg. Figure 18 shows the
dimensionless phase velocity V,,/U* of mode 3 plotted against the
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Fig. 18 Phase velocity of mode 3 (x = 0.6 m,z = 0.017 m).

opposite of the dimensionless amplification rate —q;6* for
frequencies varying from 100 Hz to 120 kHz. The neutral curve is
cut twice in each wall condition, at V,, /U®~0.81 and 0.90
(adiabatic wall) and V,,/ U¢ ~ 0.84 and 0.91 (radiating wall), in good
accordance with the predictions of Lees and Lin’s theory [6]
(Fig. 13). This makes evident the relation between mode 3 and the
GIPs, and tends to indicate an EL instability equivalent to that found
by Dietz and Hein [37] on a blunted plate. Away from the vertical
plane of symmetry, the EL vanishes (see Fig. 9) and only modes 1
and 2 remain.

2. Local Properties of the Entropy-Layer Unstable Mode 3

The mean flow studied by Dietz and Hein [37] is 2-D (W = 0).
They found two EL unstable modes: the first is of low frequency and
mostly amplified for ¥ ~ 90deg, the second is a 2-D wave
(¥ =0deg) of higher frequency, an order of magnitude more
amplified than the former. In the present case, the mean flow is 3-D.
The dimensionless amplification factor —«;6* of the EL mode 3 is
shown in Fig. 19 both for the 3-D mean-flow profiles (adiabatic and
radiating wall) and for the same profiles with the z component W
artificially set to 0. In all the cases, the amplification varies with the
wave angle v, but the variations are small in the range
[-45deg, + 45deg], before the mode becomes suddenly stable
atabout 80 deg. The symmetry of the «; distribution is lost when W
is taken into account, which highlights some effects of the



FERRIER ET AL. 59

- o8
I adiabatic
i e
i TSN
I N\
R \
B \
i \
| )
1 | R ‘. v deg
-90 i 45 “ 90
- 1
| |
-0.005 L 1

Fig. 19 Amplification rate of mode 3 as a function of the wave angle

x=0.6m,z=0.017 m,f =10 kHz, y = 3, =0).

- — o, (m™)
6+
4
B P - - = ~ -
L P ~
5 s N
2 / h N
L / N N
- // \
/ " £ (kHz)
0 K= TR I T [ TR N N N ¢ L J
i 20 40 60 80 100 20
| \
\
- adiabatic \
2 __ ---- radiating AN
\
= \
\

Fig. 20 Amplification rate of mode 3 as a function of the frequency
x=0.6m,z=0.017m, y =y =B, =0).

I mode 3 - adiabatic
- — — — - mode 3 - radiating
N
60 |- / \

| |
o |
E | A
2 A
S 4ol \
g | \
2 // \ \
= |
&1 /] \
s 20k ) \ |

. |

\
- ~N
\\ .
0 L T TR \\ 7, | I [ |
0 0.005 0.01 0.015 0.02
y(m)

Fig. 21 Streamwise velocity eigenfunctions of mode 3 (adiabatic and
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Fig. 22 Same as Fig. 21 for temperature eigenfunctions.

three-dimensionality of the flow on mode 3. However, these effects
are weak. We can conclude that the entropy-layer instability found
here is basically 2-D, of the same nature as the second mode of Dietz
and Hein [37], and Fig. 20 shows that unstable frequencies of mode 3
range between a few kilohertz and almost 100 kHz.

The spatial structure of mode 3 can be observed on the x-velocity
and temperature eigenfunctions. Figures 21 and 22 show that the EL
instability is dominated by temperature fluctuations, once again in
accordance with the second EL mode of Dietz and Hein [37]. The
ratio |7A’|max /Tmax 18 approximately 0.6 (0.9) for the adiabatic
(radiating) wall, whereas |0 Imax/ Umax 1 only 0.04 in both wall
thermal conditions. The extrema of the eigenfunctions are located at
the altitude of GIPs of Fig. 13. For comparison, eigenfunctions of
mode 2 are also presented on Figs. 23 and 24, for ¥ = 0deg and
¥ = 65 deg.

E. Integration Path in the ¢V Method

In the ¢V method, amplification rates of every unstable frequency
are integrated along a path to be defined on the surface of interest
(here the forebody of the vehicle). In compressible or 3-D flows, one
possibility is to seek at each location, for a given frequency, the angle
Yy for which the wave is mostly amplified. This is the so-called
envelope method. Therefore, from Eq. (6), N factors are given by

60 [~ ———— mode 2 - adiabatic - psi=0
5 ——— mode 2 - adiabatic - psi=65 deg

0 — — — - mode 2 - radiating - psi=0
E
g L
o 40
k3] i
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Owwwwlwww\\f’\\—_ e I I el
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Fig. 23 Streamwise velocity eigenfunctions of mode 2 (adiabatic and
radiating walls).
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NG = tn@/a) =max [+ praz @)

where s, is the point on the path where the wave of amplitude A, at
this location becomes unstable. The transition location is then
determined using the upper-bound curve of all unstable frequencies.

The choice of the integration path in Eq. (23) should be coherent
with the method used to compute f;; the local tangent to the path
must be the local angle ¥ of amplification. This has some influence
on the resulting N factors computed in approaches 2, 3a, and 3b in
Sec. III.C, as illustrated hereafter. In the case M, = 6 with AOA =
4 deg with aradiating wall, the N factors of mode 2 for the frequency
f = 10 kHz using the envelope method for v are shown in Fig. 25.
Black lines indicate the integration paths. Method 2 produces the
lowest value of the N factor N, ~ 6, whereas method 3a gives
Npax &~ 8.4 and method 3b offers N, & 8.6. All these values are
too weak for a natural transition in flight. However, in a noisy
environment or at lower Mach number, they should provide sensibly
different transition locations. Methods 3a and 3b produce similar
maximum values, but the shape of iso-N contours is different.

For the sake of completeness, N factors of mode 3 (radiating case)
have been computed for frequencies f = 40, 50, and 60 kHz and for
¥ =0deg, on the whole length of the forebody, along the
longitudinal mesh line close to the vertical plane of symmetry,
crossing the point (x = 0.6 m,z =0.017 m). For comparison, N
factors of mode 2 have also been computed for several frequencies,
using the envelope method (y,, &~ 87-89 deg, crossflow instability)
along a mesh line lying at equal distance from the centerline and the
edge of the body (this not any of the previously referenced methods,

N: 012 3 456 7 8

Fig. 25 Effect of LST strategy on the N factors (M, =6,
AOA =4deg,f =10 kHz, envelope method, radiating wall).

x (m)
Fig. 26 N factors of the entropy layer mode 3 (f = 20, 40, 60 kHz,
¥ = 0 deg) and of the crossflow mode 2 (f = 10 kHz, envelope method).

but close to 3b). These lines have been selected because they give the
maximum total amplification for each mode. Figure 26 shows that
mode 3 gives N factors of about 4, which is not enough to provoke a
natural transition in flight. This is not in contradiction with the results
of Kimmel et al. [33] on an elliptic cone (see Sec. IIL.B), for which
transition occurred first on the centerline, because these results were
obtained in a wind-tunnel for which N factors at transition are much
smaller than expected in flight. As little is known so far about
transition due to entropy-layer instability, further investigations are
needed, both experimentally and numerically. Hence, results
presented in Sec. V only refer to mode 2 and to the frequency
f =10 kHz, which has been found to be approximately the most
amplified in all of the flight conditions that have been considered.

IV. Validation of the Method
A. Thermodynamic and Transport Model

To validate the thermodynamic and transport models and to check
the impact of the perfect gas assumption, the classic M¢ = 10
adiabatic flat plate of Malik and Anderson [26] is simulated. In the
freestream, the static temperature is 7¢° =350 K and the unit
Reynolds number is Re, = 6.6 x 10° m~!. In such high enthalpy
flow, real gas effects become nonnegligible due to the dissociation of
0, above 2500 K (N, above 4000 K). However, thermal equilibrium
still holds (a single temperature exists: 7 = Tyne = Tror = Tviv)»
although chemistry may be considered as infinitely fast (equilibrium)
or having a finite rate (nonequilibrium). Malik and Anderson solved
numerically the boundary-layer equations for the basic flow and
considered three thermochemical models: 1) IG (ideal gas or
calorically perfect), dh = C,dT, p= prT, with no chemical
reactions, 2) PG (perfect gas or thermally perfect), dh = C,(T)dT,
p = prT, with no chemical reactions, and 3) RGeq (real gas),
h=h(p,T), p= xprT, involving equilibrium chemistry for
dissociation of molecules.

This test case has also been calculated at ONERA by Perraud et al
[31] with the code CASTHY, for nonequilibrium chemistry (referred
to as RGneq), the basic flow being also computed from BL equations.
In the present study, we use self-similar Levy—Lees solutions for the
basic flow, with 1000 grid points a the BL. The pressure p¢ is
adjusted to match the value of Re,,.

Figure 27 shows the local reduced amplification rate o =
a;+/xv¢/U¢ of unstable frequencies at x = 0.61 m (/Re, = 2000)
as a function of the reduced frequency F = 27mfv°/U?. Results
show that three modes of instability are present. The first is the
classical Mack’s oblique first mode with the variable v,,. Its
amplification rate is computed with the envelope method. The
second is Mack’s 2-D (y,; = 0deg) acoustic mode, the peak
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Fig. 27 Amplification rates (M =10 adiabatic flat plate,
/Re, =2000).

occurring at f ~ 130 kHz. The third mode (not to be confused with
EL mode 3 of Sec. IIL.D) is found at f ~ 315 kHz, a frequency so
high that it is unlikely to occur in the context of the present study.

The IG model cannot reproduce the physics associated with the
third mode, as already found by Malik and Anderson [26]. The PG
model hardly detects this high-frequency mode but is surprisingly in
better agreement with RGneq than with RGeq concerning the first
mode. The second mode is globally well captured with the PG model,
the differences between RGeq and RGneq being quite small. In this
severe test case, wall temperatures found by Malik and Anderson are
T, 16 ~ 6125 K and T, ggeq = 3150 K. Perraud et al. [31] have
found T, rgeq = 3100 K and T, ggneq ~ 4800 K. With the present
model, T, pg ~ 4984 K is obtained. For the vehicle in flight at
M, = 8, the highest wall temperature computed is about 2700 K
(adiabatic wall, Table 1). Hence, the thermodynamic and transport
model of Sec. IL.A is highly reliable for the purposes of the present
study.

1600 1

B. Flat-Plate Calibrations

The numerical integration of LST ordinary differential equations
described in Sec. III.C needs about 1000 grid points across the BL to
be stable and accurate. This it not possible in a full-scale, 3-D
Navier—Stokes calculation, as the total number of grid points would
be prohibitive. Hence, the numerical procedure adopted is as follows:

1) Compute the basic flow with the FLUENT code with a few tens
of grid points in the BL + EL. The finite-volume scheme provides
cell averages, so extrapolate the wall temperature at the third order
from the three neighboring cells.

2) In the stability code, compute first and second derivatives of the
mean-flow profiles with second order finite-differences.

3) Interpolate these values on 1000 points to run the stability
calculations.

Results presented hereafter compare adiabatic flat-plate Levy—
Lees (L-L) self-similar solutions to Navier—Stokes (N-S) BL
profiles. The freestream conditions are M¢ = 2.68, T¢ = 752 K, and
p¢ = 4640 Pa, representative of a flight at M, = 6, altitude 25 km.
The flat plate is 6 m long, and the BL thickness at the end is about
20 mm. In the N-S calculations (step 1), the rectangular
computational domain is 6 x 1 m. The BL region is described with
50 regular cells of 0.52 mm height (total height is 26 mm), and then
the mesh is stretched to reach freestream conditions 1 m above the
wall with 100 additional cells. The reference case is L-L with
1000 points and accurate derivation and no interpolation.

Figures 28 and 29 show mean-flow profiles and their second
derivatives, respectively, at x = 1 m from the leading edge. Less
than 25 cells are present in the BL at this location. Although the
profiles themselves compare very well, the consequences of their
numerical treatment (steps 2 and 3) can be observed by comparison
of the NS calculation to a calculation where 50 points are retained in
the L-L solution before derivation and interpolation and to the
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Fig. 28 Adiabatic flat plate (M*¢ = 2.68, T¢ = 752 K, p¢ = 4640 Pa) with mean-flow velocity and temperature profiles at (x = 1 m).

8.E+07 1

6.E407 4 —Mean LL, 1000 pts
O Mean LL, 50 pts

4.E+07 A <& Mean NS, 50 pts

2.E+07 A

0.E+00

-2.E+07 A

-4.E+07 @

-6.E+07 A

-8.E+07 -

B ;J (1/m-s)
y

Fig. 29 Second derivatives of the profiles in Fig. 28.
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Fig. 30 Amplification rate «;6* for the M°=2.68 flat plate
(f =2400 Hz, y = 69deg).

reference case. First-order derivatives (not shown) are very well
predicted, but second-order derivatives are now distinguishable in
Fig. 29.

The global impact of the method on stability results is shown in
Fig. 30 for the frequency f = 2400 Hz. A minor difference can be
observed on the amplification rate, which is consequently reported
on the N factors (Fig. 31).

In fact, near-wall profiles on the vehicle forebody are even more
resolved than in the test case presented above. Figure 32 reproduces
the profiles of Fig. 12, the grid points being apparent, and 68 points
are retained for the stability analysis. Because the main source of
errors is in the finite difference derivation of the profiles before
interpolation on the stability mesh, we can conclude that the overall
procedure is accurate enough for the purpose of the present study.

V. Results

All the results presented hereafter are obtained in the 3a approach,
using the envelope method for ¥, and concern the mixed CF/Mack’s
oblique first mode (of fixed frequency f = 10 kHz, found to be the
approximately the most amplified in any case), previously referred to
as mode 2 in Sec. IIL.D. Varying the frequency would have increased
the amount of computations dramatically. The aim of the present
study is, rather, to do a parametric study of the flight conditions which
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Fig. 31 Same as Fig. 30 for N factors.
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Fig. 32 Same as Fig. 12 showing the resolution of the profiles.
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Fig. 33 Effect of the wall thermal condition on the amplification rate.

influence the transition. The parameters are 1) wall thermal condition
with adiabatic or radiative equilibrium with the flow, 2) angle of
attack where AOA = 2, 4, and 6 deg, and 3) a flight Mach number
where M, =4, 6, and 8.

Indications about Mack’s acoustic second mode are also given in
the case M, = 8.

A. Effect of the Wall Thermal Condition at M = 6 and AOA =
4 degrees

First, the effect of the wall thermal condition is investigated in the
case M = 6, AOA = 4deg, f = 10 kHz. In the adiabatic wall case,
both «; (Fig. 33) and the v, angle for the most unstable wave
(Fig. 34) decrease as the flow goes downstream. In particular, ¥,
values are very high close to the nose (approximately 85 deg) and
weaker at the end of the forebody (approximately 70 deg). According
to these values, the instabilities are first of the crossflow type, and
then switch to oblique first modes in Mack’s classification. Results of
the radiative case confirm this observation, in agreement with
classical LST results, indicating that wall cooling stabilizes the
oblique first mode but has little effect on the CF waves which exist
alone and then become stable at the end of the forebody. Hence,
resulting N factors shown in Fig. 35 are higher in the case of an

Wi deg:70 725 75 77.5 80 82.5 85 87.5 90

adiabatic

radiating

Fig. 34 Same as Fig. 33 on the most amplified wave direction.
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Fig. 35 Same as Fig. 33 on the N factors.

adiabatic wall (N, &~ 11) than in the case of a radiating wall
(Npax ~ 8.4). Very amplified stationary waves (f = 0 Hz) have also
been found in some cases (not presented in this paper), which are
characteristic of CF instabilities.

All the following results are now about a radiating wall, because it

is more representative of flight conditions.

B. Effect of the Angle of Attack at M = 6

The area of interest lies in the windward side of the forebody.
Increasing the angle of attack makes the BL thinner and more stable,
as reported in other studies on sharp cones at the AOA (Sec. IIL.B).
This is visible on Figs. 36-38 where the unstable region reduces as
the angle of attack increases. At any AOA, ), angles are always
greater than 80 deg, again typical of CF instability.

The resulting N factors are consequently higher at small angles of

attack. They reach maximum values of 9.1 at AOA = 2deg, 8.4 at
AOA =4deg, and 7.9 at AOA = 6deg (Figs. 39-41), all being
hardly high enough for a definite conclusion about a natural
transition in flight. On the same figures the isovalues of Re,/M¢are
plotted. Although the shape of contour lines resemble those of the N
factors, their trend is the opposite; the higher the angle of attack, the
higher the value of Rey/M* at a given location. The discussion about

0; (1/m) : -40-35-30-25-20 -15-10 -5 0
AOA=2 deg

——

Wirdeg: 70 725 75 77.5 80 82.5 85 87.5 90
Fig. 36  Stability properties (M, = 6, AOA =2deg).

o; (1/m): -40-35-30-25 20 -15-10 -5 0
AOA=4 deg

o; (1/m): -40-35-30-25-20-15-10 -5 0

AOA=6 deg

Wirdeg: 70 725 75 77.5 80 825 85 87.5 90
Fig. 38 Same as Fig. 36 at AOA = 6deg.

N:0 12 3 456 7 89

Reg/MS: 50 75 100 125 150 175 200 225 250
Fig. 39 N factors compared with Re,/M¢ (M, = 6, AOA = 2deg).

N:01 2 3 456 7 89

AOA=4 deg

B

Reg/M®: 50 75 100 125 150 175 200 225 250
Fig. 40 Same as Fig. 39 at AOA =4deg.

N:01 2 3 456 7 89
AOA=6 deg

Wy deg: 70 725 75 775 80 825 85 87.5 90
Fig. 37 Same as Fig. 36 at AOA =4 deg.

Reg/M®: 50 75 100 125 150 175 200 225 250
Fig. 41 Same as Fig. 39 at AOA = 6deg.
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o; (1/m): -40-35-30-25-20-15-10 -5 0

Vi deg: 70 725 75 77.5 80 825 85 87.5 90
Fig. 42 Stability properties (M., = 4 and AOA = 4deg).

the significance or validity of NASP-like criterion is postponed until
the next section.

C. Effect of the Mach number at AOA = 4 degrees

At Mach 4, the structure of the flow is slightly different than at
Mach 6 or 8, because the shock wave is located at a greater distance
from the wall. There is less pressure-driven crossflow toward the
plane of symmetry, and longitudinal vortices are weaker. Instability
is mainly due to oblique first modes, as observed in Fig. 42 where /),
values are in the range 60 ~ 80 deg on the major part of the forebody.
Amplification rates «; are still relatively high and give N factors of
the same order of magnitude as the M, = 6 case (Fig. 43). However,
the shape of N factors’ contours are different because amplification
rates are distributed differently and integration paths are more
directed toward the centerline (black lines in Fig. 43). Crossflow
instability is also found very near the nose leading edge but is of
minor importance here.

On the other hand, at Mach 8, the whole forebody is dominated by
crossflow instability because ¥, is almost everywhere higher than
85 deg (Fig. 44). Corresponding N factors are shown in Fig. 45. The

B

N: 0123 456 789

Reg/M®: 50 75 100 125 150 175 200 225 250

Fig. 43 N factors and integration paths compared with Re,/M*
M, =4, A0A =4deg).

o5 (1/m) :  -40-35-30 -25 20 -15-10 -5 0

wi, deg: 70 725 75 775 80 825 85 87.5 90
Fig. 44 Same as Fig. 42 at M, = 8.

E

N: 0123 45686 7389

Reg/M: 50 75 100 125 150 175 200 225 250
Fig. 45 Same as Fig. 43 at M, = 8.

maximum value is 4.8, too low for a transition in flight. Contrary to
the preceding case where the AOA was varying at fixed M, =6, a
good correlation is now observed between the values of N and of
Rey/ M, as the flight Mach number varies from M, = 6to M, = 8
atconstant AOA. Reshotko [5] recently reviewed the effectiveness of
the Reg/M° = Const criterion for predicting transition. His
conclusions are reported here. We can write

Rey pUOa (aee)
- Y 24
7 e Ue P G (24)

Both a¢ and (¢ depend only on the temperature which varies slowly
with the altitude, whereas p° depends strongly on the pressure, hence,
on the altitude. It is then obvious to observe similar evolutions for
Rey/M¢ and for the N factors which are related to the unit Reynolds
number of the flow, from M_, = 6 to M, = 8, simply because the
altitude is different. Because this criterion does not take into account
any physical destabilizing process, it does not work from M, = 4 to
M, = 6. To sum up, it is questionable for cruise vehicles, but may
give good results in case of reentry vehicles.

Because the Mach number outside the BL-EL is higher than 5 (see
Table 1), a second acoustic two-dimensional (v, = 0) mode also
exists in the frequency range 100 ~ 300 kHz. N factors have been
calculated for several frequencies on two paths corresponding to
mesh lines situated, respectively, at about one-third and two-thirds of
the distance from the centerline to the external border. This mode
gives N factors which do not exceed 3.5 (Fig. 46). We can conclude
that in the case of a flight at M, = 8, none of the modes that have
been identified is unstable enough to provoke the natural transition
by itself.

VI. Conclusions

This study has demonstrated the feasibility of applying the LST to
the near-wall flow of a full-scale hypersonic vehicle, the mean-flow

3.5 N

210 kHz
f——-

25

0.5

N
LI L L L L L B |

825 0.5 0.75 1
Fig. 46 N factors of Mack’s second mode (M, = 8).
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Table A1 Polynomial coefficients for isobaric heat capacity of air (J/kg - K)

T,K Cpo C, Cp Cp Cps
80-1000 1005.451375 —0.039995848 8.21409 x 107¢ 4.98177 x 1077 —3.32144 x 10710
1000-6000 878.5374285 0.369200531 —0.000127397 2.05949 x 1078 —1.23408 x 10712

profiles being obtained from laminar Navier—Stokes calculations.
The topology of the flow highlights two main features, including the
importance of crossflow and the development of an entropy layer
concentrated along the vertical plane of symmetry. Stability
calculations have shown that the entropy layer induces an additional
unstable mode, already identified by previous authors on canonical
configurations [37]. The physical properties of this mode agree well
with Lees and Lin’s theory [6], and its amplification rate is quite high.
Maximum related N factors are equal to four, unfortunately too weak
for anatural transition in flight. Little is known about the mechanisms
through which EL instability can indeed provoke transition. Further
investigations, including DNS calculations, are needed to come to a
conclusion.

Away from the vertical plane of symmetry, it has been shown that
wall thermal conditions can change the nature of instabilities, from a
combination of CF and oblique first modes in the case of a (hot)
adiabatic wall to dominant CF instability in the case of a (colder)
radiating wall. In the latter case, several strategies of application of
the ¥ criterion coupled with the envelope method for the angle of the
most amplified wave have shown significant differences in the
computed N factors for a given frequency. In any case, and at flight
Mach numbers 4, 6, and 8, the total amplification observed is hardly
high enough for a possible natural transition in flight, although
destabilizing mechanisms are different. However, these results have
been obtained for the single frequency f = 10 kHz and should be
confirmed by experiments before a definite conclusion about
transition. At M, = 8, a second mode in Mack’s classification has
also been found, too weak again for a natural transition. Attempts to
correlate computed N factors with Reg/M? have been successful
from M, = 6 to M, = 8 but have failed from M,, =4toM_ =6
for reasons clearly related to the unphysical basis of this criterion [5].
The Rey/M? criterion is also inadequate when the angle of attack is
varied at constant M. The development of a physically sound, more
generally applicable criterion is presently in progress at ICARE.

Appendix: Polynomial Fits for the Thermodynamic
and Transport Models

The polynomial fit for isobaric heat capacity of air is
Cp.air(T) = ZYanot(T) = C]JO + CplT + C[)2T2
o
+ CT° + C,y T (A1)

The polynomial fit for viscosity w(7T) (kg/m-s) and thermal
conductivity of air is

1400 -Cr ke K)
1300 4 —e—Lemmon 4
-©-Burcat
1200 A 1010
1008
1006
1100 1004
1002
1000 + T T T T T T "
1000 50 100 150 200 250 300 350 400 7T(K)
0 500 1000 1500 2000 2500 3000 3500 4000

Fig. A1 Heat capacity of air.

Table A2 Polynomial coefficients for viscosity and thermal
conductivity of air

Viscosity (7)), kg/m-s Thermal conductivity of air k&(7'), W/m - K

Lo = 2.9141 x 1076 ko = 5.0968 x 103
=5.8921 x 10-* ky =7.2304 x 10~

Z; =-2.6383 x 101! ky = —8.9331 x 10-9

s =9.3607 x 1075 Ky =7.0777 x 1013

ty = —1.6670 x 10~ _

s = 1.1392 x 1022 —

Pair(T) = o + i T + (o T? + puaT + pyT* + pusT° - (A2)

kair(T) S k() + le + k2T2 + k';T‘3 (A3)

Figure A1 gives the heat capacity of air, and Tables Al and A2 show
the polynomial coefficients for the isobaric heat capacity of air and
viscosity and the thermal conductivity of air.
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